A flexible circular plate with gravity as its main source of external loading is called a heavy disk. This paper studies the non-axisymmetric warping of a clamped-free heavy disk. In the theoretical formulation, von Karman's plate model is adopted to derive the equations of motion of a rotating heavy disk. In the experiment, a 5 1 4 -inch floppy disk is used to demonstrate the non-axisymmetric deformations when the disk is either stationary or rotating. We first measured the shape of the floppy disk when it was stationary. It was observed that two non-axisymmetric deformations coexisted, one with shape cos 2h and the other cos 3h. We next rotated the floppy disk. It was observed that when the floppy disk started with shape cos 2h, the deformation switched to shape cos 3h as the rotation speed increased to 303 rpm. As the speed continued to increase, the shape cos 3h persisted all the way up to 1010 rpm. Beyond that the disk deformation became axisymmetric until 1313 rpm. Beyond 1313 rpm, aeroelastic flutter started to kick in and equilibrium state was no longer achievable. The rotation speed was then reduced gradually from high speed to 0. It was found that the deformation remained cos 3h all the way, instead of switching back to the cos 2h shape the disk started out with in the first place. The coexistence of two stable non-axisymmetric deformations of the stationary disk and the hysteresis behavior of the rotating disk observed in the experiment are consistent with theoretical predictions.
Introduction
In most of the researches in circular plate deformation, stationary or rotating, gravity is often neglected although it is ubiquitous on earth. This ignorance is justified in some applications, especially when the deflection due to the disk's own weight is small compared to other working loads. Another possible reason for the lack of interest in this issue is because it appears to be a trivial problem. It is intuitive to envisage that the disk deforms axisymmetrically like a mushroom under its own weight, see Wang (2004) .
In some other applications this might not be the case, especially when the disk is thin and flexible. This can occur in floppy disk drives. For Iomega zip disk with 3.5-inch diameter the maximum edge deflection of the disk under its own weight can reach 20 times of the disk thickness. The warping is even more serious in the older model of Bernoulli disk with 5 1 4 -inch diameter. These flexible disks deform non-axisymmetrically when they are not rotating.
A flexible circular plate with its own weight as the main source of external loading is called a ''heavy'' disk in this paper. Recently, Chen and Fang (2010) used a paper disk to demonstrate that a very flexible disk would droop non-axisymmetrically instead of axisymmetrically. They used von Karman's plate model to formulate a theory which predicts that a heavy circular plate resting on a ring of elastic foundation may deform in a non-axisymmetric manner when the external uniform load reaches a critical value. The results reported by Chen and Fang cannot be obtained if Kirchhoff's plate model is adopted (Wang, 2004) . Although Chen and Fang also predicted theoretically that multiple stable non-axisymmetric deformations may coexist under certain conditions, no experimental proof was provided to support this prediction.
In this paper we demonstrate, both theoretically and experimentally, the coexistence of more than one stable non-axisymmetric configuration when a clamped-free disk deforms under its own weight. von Karman's plate model is adopted to derive the equations of motion of a rotating heavy disk. A nonlinear Galerkin's method based on two sets of assumed functions is used to solve the equilibrium equations. A vibration method is used to determine the stability of the calculated deformations. For a stationary disk, we are interested in the variation of the disk deformation and its natural frequencies as the external force (gravity) varies. For a rotating disk, we will focus on how the stable non-axisymmetric deformations evolve as the rotation speed changes. Experiments on a 5 
Equations of motion
According to von Karman's plate model (Nowinski, 1964; Chen, 2011) , the equations of motion of a rotating disk under its own weight, in terms of transverse displacement w and stress function /, can be written as,
The parameters h, q, E, m, D, and X are the thickness, mass density, Young's modulus, Poisson ratio, flexural rigidity, and the rotation speed of the disk, respectively. g is the gravitational acceleration.
(r, h) are polar coordinates relative to a disk-fixed frame. w is the transverse displacement measured from the clamping plane, and is positive when it is opposite to the direction of the gravitational force. The disk is flat and stress free when the gravity is absent. Stress function / is related to the membrane stress resultants N r , N h , and N rh by,
In the special case when the gravity is excluded, Eqs. (1)- (5) reduce to the nonlinear equations of motion of a spinning flat disk formulated by Nowinski (1964) . The disk is assumed to be fully clamped at the inner radius r = a and free at the outer radius b.
The above equations can be non-dimensionalized by introducing the following dimensionless quantities,
After substituting relations (6) into Eqs. (1) and (2), and dropping the superposed asterisks thereafter for simplicity, we can rewrite the equations of motion in the dimensionless forms,
The boundary conditions for w at the inner radius r = g are
At the outer radius r = 1, ðr 2 wÞ ;r þ r À2 ð1 À mÞ w ;rhh À r
The zero in-plane displacement boundary conditions for / at r = g can be written as (Chen and Chang, 2007) / ;rr À mr À1 / ;r À mr
The traction-free boundary condition N r = 0 and N rh = 0 at r = 1 can be written as,
It is noted that while Eqs. (7) and (8) are nonlinear in terms of w, they are linear in /. Therefore we can divide the stress function / in Eq. (8) into two parts,
The first part / 1 accounts for the centrifugal effect, and satisfies the inhomogeneous equation
and the same inhomogeneous boundary conditions as / does, i.e., Eqs. (13)- (16). The second part / 2 satisfies the equation,
and the homogeneous version of boundary conditions (13) 
where
After substituting Eq. (17) into Eq. (7) we can rewrite the equation as
3. Galerkin's method
In order to solve the coupled nonlinear Eqs. (19) and (21), we assume that the displacement w and stress function / 2 can be expanded in terms of assumed modes w mn and / mn as follows: 
d mn is the Kronecker delta symbol. If only the equilibrium deformations of the rotating disk are wanted, only the cosine components are needed in Eqs. (22) and (23). However, when the vibration frequencies and mode shapes of a non-axisymmetric deformation are needed, then both the sine and cosine components in these two equations should be retained.
After substituting Eqs. (22) and (23) into Eq. (19), multiplying both sides by / pq(c) , and / pq(s) , respectively, and integrating, we obtain 
After substituting Eqs. (30), (31), (22) and (23) into Eq. (21), multiplying by w mn(c) and w mn(s) and integrating, we obtain
where 
A 5 c fnðcÞ p
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4. Natural frequencies and stability
In calculating the equilibrium solutions the acceleration terms in Eqs. (40) and (41) should be neglected. It is noted that the equilibrium solutions are independent of time relative to the disk-fixed coordinate system, as this paper has adopted. The equilibrium solutions of a rotating disk appear to be functions of time relative to a space-fixed coordinate system when they are non-axisymmetric. Therefore, they may be called steady state solutions relative to a space-fixed coordinate system. In this paper we use the term ''equilibrium solution'' throughout. These equilibrium solutions are not necessarily stable. In order to determine the stability ''in the small'' of the equilibrium solutions (Simitses, 1976) , we express the coordinates c mn(c) and c mn(s) in Eqs. (40) and (41) (53) and (54) into Eqs. (40) and (41) and linearizing with respect toĉ mnðcÞ and c mnðsÞ , we obtain the following equations, 
The effect of rotation speed on the natural frequencies is reflected in the terms with X 2 in Eqs. (55) 
. Equilibrium configurations -theory
We first consider the case when the disk is not rotating. Fig. 1 shows the theoretical relation between the maximum deflection on the outer radius (wj r=1 ) max and the external load (gravity) q for a disk with radius ratio g = 0.3. The number of modes used in the calculation is chosen to be M = 3 and N = 8, which shows satisfactory convergence. The solid and dashed lines represent stable and unstable solutions, respectively. For clamping radius g = 0.3, Fig. 1 shows that the circular plate deforms axisymmetrically when the load q is small. As q increases to 121, denoted q ð1Þ cr , a pitch-fork bifurcation occurs and a non-axisymmetric deformation emerges. Following the bifurcation, the axisymmetric deformation becomes unstable, while the emerging non-axisymmetric deformation is stable. The angular variation of the stable non-axisymmetric deformation is of the form cos 3h. The shapes of the stable axisymmetric and non-axisymmetric deformations are also depicted in Fig. 1 . Other unstable non-axisymmetric deformations, such as cos 2h, cos 4h, cos 5h, cos 6h, cos 7h, and cos 8h, may emerge from the already unstable axisymmetric deformation at various external loads. Among these unstable non-axisymmetric deformations, the cos 2h-solution will become stable at greater q, while others remain unstable throughout the load range in Fig. 1 . These unstable non-axisymmetric deformations (except the cos 2h-solution) are unimportant if the disk is not rotating. However, in the case when the disk rotates, some of these unstable non-axisymmetric deformations may become stable when the rotation speed reaches a certain value. More details can be found in the next sub-section on rotating disk.
As mentioned previously, the cos 3h-solution is not the only stable equilibrium in Fig. 1 . It is noted that following another pitchfork bifurcation, the originally unstable cos 2h-solution becomes stable as q reaches a second critical load q ð2Þ cr ¼ 699. The unstable solution bifurcating from the original path contains all the harmonic modes in the expansion without a dominant one. We signify this solution containing mixed modes with a letter ''m''. The loaddeflection curves near q ð2Þ cr are magnified in the inset. Another mixed solution in Fig. 1 is the one bifurcating from the cos 4h-solution. This mixed mode will play a role when the disk rotates. As a consequence, there coexist two stable non-axisymmetric deformations in Fig. 1 when q is greater than 699, one in the shape of cos 2h and the other cos 3h. The next challenge is to demonstrate that this is indeed the case in reality.
Equilibrium configurations -experiment
It order to do so, we choose a 5 1 4 -inch floppy disk as our specimen. The material properties are: E = 4.9 Â 10 9 N/m 2 , m = 0.3, q = 1.3 Â 10 3 kg/m 3 , h = 0.076 mm, and b = 65 mm. This floppy disk has been the subject of many static and dynamic experiments (Ono et al., 1991) . The critical speed of this floppy disk is near 600 rpm, at which the fundamental natural frequency relative to a spacefixed observer vanishes. We took the floppy disk out of its casing and mounted it on an aluminum clamp with clamping ratio g = 0.3. With these material properties, the dimensionless gravity q on earth is 1155, which is signified by the vertical line in Fig. 1 . According to the numerical results, we expect to observe two stable non-axisymmetric deformations, in the forms of cos 2h and cos 3h, respectively, in experiment.
We first placed the clamped-free disk on a vertical plane, i.e., the central axis was in the horizontal plane, to minimize the gravitational effect. We measured the wavy shape of the disk near the outer radius with a laser displacement sensor, as shown by the cross marks in Fig. 2 . This can be considered as the initial runout of the clamped disk, whose magnitude is less than three times of the plate thickness. No apparent dominant harmonic component was observed.
The disk was then placed on the horizontal plane. We did observe two different deformations, one in the form of cos 2h ( Fig. 3) , and the other cos 3h (Fig. 4) . Fig. 3(a) shows the measured wavy shape near the outer radius, as signified by the cross marks. The theoretical cos 2h-shape is represented by the dashed line for comparison. The maximum deviation from the clamping plane is about 30 times of the plate thickness. It was observed that the measured wavy variation matched the theoretical prediction reasonably well. It is safe to say that the effect of the initial run-out as measured in Fig. 2 is minimal. In order to visualize the disk warping, we drew a series of evenly-spaced parallel lines on a sheet of white paper and placed the paper near the disk. The parallel lines were reflected on the shiny surface of the disk. It is interesting to note that the parallel lines were bent into curves on the surface of the disk. The apparent valleys are signified by white dots in Fig. 3(b) . Although this visualization technique seems crude, it is very effective when only the qualitative observations are needed.
Similarly, Fig. 4 shows another non-axisymmetric deformation of the shape cos 3h. Although the measured wavy shape did not match the theoretical prediction as perfectly as we observed in Fig. 3 for the cos 2h-deformation, the trend is obvious. It is noted that we have no control over which of these two deformations would appear in reality. Sometimes a shock on the workbench switched the deformation from one to the other. For this particular specimen, the probabilities to observe either of these two deformations are about the same.
Natural frequencies -theory
If we look back at Fig. 1 we may ask the question why non-axisymmetric deformation of the shape cos 3h emerges from the locus corresponding to the axisymmetric deformation when q increases to q As q increases from zero, the x 2 of the zero-and one-nodaldiameter modes of the stable axisymmetric deformation increase, while those of other non-axisymmetric modes decrease. In particular, the (negative) slope of the x 2 -q curve is steeper for the locus corresponding to the mode with larger number of nodal diameters.
For the case in Fig. 5 , the x 2 of the three-nodal-diameter mode, i.e., locus (3), decreases to zero at q ¼ q ð1Þ cr ¼ 121 before other modes. From this q on the axisymmetric deformation becomes unstable, because the lowest x 2 becomes negative. In the mean time another Table 2 lists the first nine x 2 of the cos 3h-deformation when q = 1155, the gravity on earth. In the first mode with x 2 = 0, the coordinates of the shape are denoted c xn(s) , where the subscript x represents all numbers from 0 to M in the Galerkin expansion. n = 3, 6 means that only the three-and six-nodal-diameter modes are involved. The two single x 2 of modes 1 and 4 result from the bifurcation of the three-nodal-diameter mode of the axisymmetric deformation at q ¼ q ð1Þ cr .
The physical meaning of the mode with x 2 = 0 may be interpreted as a rigid body mode. It means that the cos 3h-deformation can be rotated an angle like a rigid body with any force of infinitesimal magnitude. In fact, the cos 3h-deformation can be replaced by a sin 3h-deformation, and still satisfies the equilibrium Eq. (41). The existence of the zero natural frequency does not change the stability of the cos 3h-deformation.
Natural frequencies -experiment
In order to examine the above theoretical predictions, we measured the power spectrums of the floppy disk. A device was constructed to tilt the clamped disk so that the component of the gravitational force normal to the disk surface changes from zero (vertical position) to maximum (horizontal position). In each tilted position, we impacted the disk with a small object and measured the power spectrum of the response, from which we can obtain some of the natural frequencies. Fig. 6(a) and (b) show the two power spectrums when q was 0 (vertical position) and 1155 (horizontal position), respectively. The peaks were then recorded in Fig. 5 with cross marks. Similar measurements for other q were also recorded. In the range between q = 200 and 1200, the variation of x 2 with respect to q is minimal, both in theory and experiment.
In the range below q = 200, on the other hand, the theory predicts that the variation of x 2 with respect to q is more dramatic.
We therefore fine-tuned the tilting angle of the clamped disk and The first nine x 2 of the cos 3h-deformation when q = 1155.
Mode number took more data in this range. The results are shown in Fig. 7 . Although sometimes the peaks crammed in a small frequency range and were difficult to distinguish in the power spectrum, we could still observe certain trend of x 2 variation in the experiment. It is fair to say that the experimental results agree with the theory qualitatively in this range.
Rotating disk

Theory
We next consider the effect of the rotation speed X. The gravity q is set at 1155. Fig. 8 shows the theoretical relations between the maximum deflections on the outer radius (wj r=1 ) max and X. Solid and dashed lines represent stable and unstable deformations, respectively. Attention is placed on the two stable equilibrium configurations of shapes cos 2h and cos 3h as they evolve when X increases from 0.
We first observe that the stable cos 2h-solution merges with a mixed mode and becomes unstable when X reaches 2.23, denoted Fig. 8 . Relation between the maximum deflection on the outer radius (wj r=1 ) max and rotation speed X. The gravity q is set at 1155. Solid and dashed lines represent stable and unstable deformations, respectively. The above analysis predicts an interesting and somewhat unexpected scenario as the heavy disk rotates. The initially stable non-axisymmetric solutions not only are flattened out due to centrifugal stretching, they may also jump to other non-axisymmetric solutions. For instance, if the disk starts out with cos 2h-deformation, it may jump to cos 3h-or cos 4h-deformation when X is increased slowly to 2.23. On the other hand, if the disk starts out with cos 3h-deformation, it will jump to cos 4h-deformation when X reaches 11.60. Although eventually the axisymmetric deformation is the only stable configuration remaining when the rotation speed is high enough, the evolution of the deformation due to increasing rotation speed is not as straightforward as we might have expected. For the specimen we have at hand, X = 12.72 is equivalent to1284 rpm.
Experiment
The above theoretical predictions on the evolution of equilibrium deformations as rotation speed varies were examined experimentally. The clamped-free disk was mounted on a dc motor, whose speed can be controlled accurately. The rotation speed was varied slowly to ensure that equilibrium state was reached. A space-fixed laser displacement sensor was aimed normal to the disk surface near the outer rim to measure the disk shape. It is noted that the specimen used in the rotating disk experiment is not the same one as in the stationary disk experiment, which was damaged following intensive impacts for the power spectrums. However, they are from the same batch.
It is difficult to ensure that the geometric axis of the clamped disk coincides with the spindle axis of the motor perfectly. This slight misalignment of rotation axis results in a rigid body tilting motion of the disk. As a consequence, there will always exist a harmonic component corresponding to the rotation speed in the signal. Fortunately, the contribution of this rigid body tilting can be determined beforehand. This unwanted signal will be subtracted from the measured data in the following presentation.
We first started with the disk shape cos 2h. Fig. 9(a) shows the waveform and its Fourier transform when the disk rotated slowly at 60 rpm (X = 0.6). It is confirmed that the disk waveform contains mainly the 2X component. Fig. 9(b) shows that when X = 3, the 3X component became the dominant component in the waveform. This switch of cos 2h to cos 3h-shape agrees with the theoretical prediction. The dominance of the 3X component can be observed all the way until X = 10. When X increased to 10, as shown in Fig. 9(c) , the magnitude of the higher modes, including 2X, 3X, and 4X, are very small compared to the original 2X component in Fig. 9(a) (about only 1%) . This deformation persisted until X = 13 and may be considered as axisymmetric. Fig. 9(d) shows a long-period waveform when X = 13. It is noted that at this speed, equilibrium deformation of the rotating disk was no longer achievable. In the Fourier transform, there emerged a sub-harmonic component. As the speed increased further, this sub-harmonic component became more and more dominant with its frequency staying more or less unchanged. This component is believed to be due to the aeroelastic flutter from the surrounding air (D'Angelo and Mote, 1993). Since we exclude the aeroelastic effect in the theory, the aeroelastic flutter phenomenon will not be investigated further.
We next started to reduce the speed slowly from X = 13 to X = 0.6, as shown in Fig. 9(e) . It was observed that the 3X component remained the dominant component all the way in the decelerating process. The switch of the initial cos 2h-shape (X = 0.6, Fig. 9(b) ) in the accelerating process to the cos 3h-shape (X = 0.6, Fig. 9(e) ) in the decelerating process is a strong support of the theory presented in Fig. 8 .
Continued from the cos 3h-shape in Fig. 9 (e), we re-ran the experiment by accelerating and decelerating again. It was observed that the 3X component remained the dominant component all the way following the evolution in Fig. 9(b)-(e) . This is also consistent with the theoretical prediction in Fig. 8 .
By referring back to the theoretical prediction in Fig. 8 , we may conclude that the experimental observations agree qualitatively with the theoretical predictions, although the jump from cos 3h to the cos 4h-shape in the small range between X = 11.60 and 12.72 was not detected in experiment as the theory has predicted.
Conclusions
In this paper we study the non-axisymmetric deformations of a clamped-free heavy disk. When the disk is not rotating, we are interested in the variation of the disk deformation and its natural frequencies as the external force (gravity) varies. For a rotating disk, we focus on how the stable non-axisymmetric deformations evolve as the rotation speed changes.
In the theoretical formulation, we adopt von Karman's plate model to derive the equations of motion of the rotating heavy disk. Galerkin's method is used to discretize the nonlinear equations of motion and solve for the equilibrium deformations. In order to determine the stability of these static solutions, a vibration method is used to determine the natural frequencies. Experiments on a 5 1 4 -inch floppy disk were conducted to verify the theoretical predictions on the behaviours of the stationary and rotating disks. Some of the physical findings are summarized as follows.
(1) For a stationary disk, the deformation is axisymmetric when the gravity is small. The stable axisymmetric deformation becomes unstable when the gravity (assuming that we can change the gravity at will) reaches a critical value, at which the disk deformation becomes non-axisymmetric. For a 5 1 4 -inch floppy disk with clamping ratio 0.3, this non-axisymmetric deformation is of the form cos 3h. Following series of bifurcations as the gravity continues to increase, there may coexist more than one stable non-axisymmetric deformation. For the 5 1 4 -inch floppy disk, the theory predicts that two stable non-axisymmetric deformations coexist under the gravity on earth, one with shape cos 2h and the other cos 3h. This prediction was confirmed experimentally. (2) In the experiment on rotating disk, we observed that when the floppy disk started with shape cos 2h, the deformation switched to shape cos 3h as the rotation speed X increased to 3 (303 rpm). As the speed continued to increase, the shape cos 3h persisted all the way up to X = 10. Beyond that the disk deformation became axisymmetric until X = 13. When X increased beyond 13, aeroelastic flutter started to kick in and equilibrium state was no longer achievable. The rotation speed was then reduced gradually from high speed to 0. It was found that the deformation remained cos 3h all the way, instead of switching back to the cos 2h shape the disk started out in the first place. This hysteresis behavior is consistent with theoretical prediction.
